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Abstract,  This  paper  investigates  numerical  semigroups 
that  yield  2x2  bricks.  We  demonstrate  the  existence  of  an 
infinite  family  of  2x2  bricks  that  includes  all  of  the  perfect 
2x2  bricks.  We  provide  a  formula  for  the  Frobenius  num- 
ers  these  semigroups  as  well  as  a  necessary  and  sufficient 
condition  for  the  semigroups  to  be  symmetric , 
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X.  Introduction 


The  motivation  for  studying  unitary  numerical  semigroups  and  bricks 
began  with  the  study  of  torsion  in  tensor  products  of  modules  over  one¬ 
dimensional  local  domains.  Much  of  the  discussion  that  follows  about  the 

relationship  between  these  topics  comes  from  [6].  ,  . ,  .  r  T  , 

Let  (R  m)  be  a  monomial  domain  with  monomial  fractional  ideal  l.  Let 
K  be  the  quotient  field  of  R  and  let  n  :  K'  ->  Z  be  the  standard  valuation 
manning  Then  S  =  v(R)  is  a  numerical  semigroup.  For  a  relative  ideal  J 
of  S,  we  use  the  notation  Ms  (J)  to  represent  the  number  of  elements  m  the 
minimal  generating  set  for  J.  In  this  case, 


(1)  /xs(S\{0})  =  embeddim(R), 

(2)  v(I)  is  a  relative  ideal  of  S  and  ms(i/( -0)  =  )> 

(3)  =  S  -  v(I),  and 

(4)  -  u{I)  +  {S  -  v(I))- 

We  know  that  has  non-zero  torsion  whenever  MittO+MJtU  )  > 

ur(1I~1).  Therefore,  if  we  hope  to  find  an  I  such  that  /  ®r  I  is  torsion 

free,  we  must  have  hr{I)  +  b/tU  V)  =  )•  case> 

w(v(/))  +  psis  -  r'(O)  =*  psWr1))- 


This  equality  motivated  the  definition  and  study  of  semigroup  backs.  In 
fact,  a  k  x  m  brick  was  defined  in  [9]  so  that  the  above  equality  would  hold. 
That  is  (S  i/{/})  is  a  kx  m  brick  where  fc  =  MM-0  and  m  -  fiR\l  }  pre¬ 
cisely  when '.ps{»(I))  +  l*s(S-v{I))  =  MW/*-1))-  The  investigation  m[J] 
also  introduced  the  notion  of  perfect  bricks  as  well  as  balanced  and  unit  ■  J 
numerical  semigroups  having  minimal  generating  sets  of  four  elements.  The 
main  result  showed  that  every  unitary  numerical  semigroup  yields  a  perte 
2x2  brick.  The  authors  in  [10]  proved  the  converse,  thereby  showing  that 
unitary  numerical  semigroups  and  perfect  2  x  2  bricks  are  equivalent  ideas 
These  two  investigations  completely  classified  the  infinite  aim  y  o  pei  ec 

2^9  "bricks*  * 

However,  the  perfect  2x2  bricks  form  only  a  small  subset  of  the  set  of 

all  2  x  2  bricks.  Furthermore,  we  know  from  [13]  that  R  is  Gorenstein  when 
S  is  symmetric.  By  (3.2)  in  [7],  this  means  that  if  (S,n(/))ls  asymmetric 
2  x  2  brick,  then  I  ®r  I~l  has  non-zero  torsion.  Since  all  of  the  perfect 
2  x  2  bricks  are  symmetric,  we  know  has  non-zero  torsion  whenever 

(S,  v{I))  is  a  perfect  kxm  brick.  Identifying  and  classifying  all  - 
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is  therefore  important  for  identifying  contexts  in  which  I  ®R  I~l  might  be 
torsion  free. 

The  authors  in  [9]  conjectured  that  there  is  a  natural  relationship  be¬ 
tween  2  x  2  bricks  and  perfect  2x2  bricks,  that  is,  that  there  is  a  natural 
relationship  between  2x2  bricks  and  unitary  numerical  semigroups.  In  this 
paper,  we  discuss  this  relationship  and  construct  (in  Theorem  3.2)  a  family  of 
2  x  2  bricks  for  each  perfect  2x2  brick,  thereby  creating  an  infinite  collection 
of  candidates  satisfying  the  condition  Vs(HI))+Vs{S-i/(I))  =  ps{tr{ir1)). 

As  mentioned  above,  knowing  when  2x2  bricks  are  not  symmetric  is 
particularly  valuable  for  identifying  contexts  where  could  be  torsion 

free.  In  Corollary  3.12,  we  provide  a  necessary  and  sufficient  condition  for 
the  numerical  semigroups  defined  by  Theorem  3.2  to  be  symmetric  as  well 
as  a  formula  for  the  Frobenius  number  of  each  semigroup. 

The  interested  reader  can  find  additional  details  concerning  the  investi¬ 
gation  of  torsion  in  tensor  products  in  [1],  [3],  [11]  and  [12],  Many  results  per¬ 
taining  to  the  key  equality  above  can  be  found  in  [6],  [7j,  and  [8].  Suggested 
background  reading  on  the  connections  between  numerical  semigroups  and 
commutative  algebra  include  [2],  [5]  and  [13], 

2*  Preliminaries 

,  The  definitions  and  notation  pertinent  to  this  investigation  are  given 
below.  Although  many  are  similar  to  those  in  [9],  we  repeat  them  here  for 
convenience. 

Definitions  and  Notation  2.1. 

(a)  A  numerical  semigroup  S  is  a  subset  of  the  non- negative  integers  N  that 
contains  0,  is  closed  under  addition,  and  such  that  N \S  is  finite.  If  G  is 
the  smallest  subset  of  S  such  that  every  non-zero  element  of  5  is  a  sum  of 

elements  from  G,  then  we  say  G  is  the  minimal  generating  set  of  S  and  we 
write  S  =  {(?). 

(,b)  Jee  mftvPlicitV  of  ^noted  e(5),  is  the  smallest  positive  element  of 
6.  It  S  -  (ai, ♦  * . ,  ak)  where  0  <  <  . , .  <  aky  then  e(S)  = 

(c)  The  Frobenius  number  of  S,  denoted  is  the  largest  element  in  Z\S 
and  the  conductor  of  S  is  the  smallest  integer  x  such  that  x  4-  m  €  5  for  all 
to  f  N.  That  is,  tlie  conductor  of  S  is  q($)  +  l. 
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(d)  We  say  that  S  is  symmetric  if  for  every  *  €  Z  we  have  x  €  S  if  and  only 
if  g(S)  —  x  ^  S* 

(e)  Let  m  be  a  non-zero  element  of  S.  We  define  the  Apery  set  of  S  with 
respect  to  m  by  Ap(S, m)  =  {s  £  S  \  s  -  m  f  S}. 


(f)  A  relative  ideal  I  of  S'  is  a  set  of  integers  such  that  I +  S  Q  I 
8  +  1  CS  for  some  s  €  S.  It  follows  that  /  can  be  represented  as  a  finite 
union  of  cosets  2  +  S  where  2  €  Z.  The  notation  I  =  fa,...,**)  means 
T  =  (z,  +  S)  u  . , .  u  (Zk  +  S)  and  I  cannot  be  written  as  a  union  of  cosets 

for  any  proper  subset  of  {21, We  refer  to  {21,.  -  • ,  *fc>  the 
mal  generating  set  of  I.  If  we  refer  to  an  element  x  of  /  being  o  generator 
for  I.  we  will  mean  that  x  is  contained  in  the  minimal  generating  se  . 
We  recognize  that  this  is  a  slight  abuse  of  terminology,  but  it  will  ease  the 
communication  of  some  of  the  results. 


(gl  If  I  and  J  are  relative  ideals  of  S,  we  define  their  sum  by  1  +  J  {i  +3 
i  €  l,j  e  J}. 


(hi  as  (I)  represents  the  number  of  elements  in  the  minimal  generating ^et 
for /  as  a  relative  ideal  of  S.  We  say  a  relative  ideal  /  is  principal  if  ps  U) 
and  non-principal  if  ps  (J)  >  2, 

, .  ,  ,  t  J  ■  0  q  r-lzeZ  U  +  /CS1.  Note  that  S  -  / 

(i)  The  dual  of  I  m  S  is  b  -  J  —  t  *  \  z  -r  1  - 

L  also  a  relative  ideal  of  S.  It  is  clear  from  the  definition  of  S-l  that 
j  _l  (s  -  I)  C  S\{0}  whenever  I  is  non-principal. 


(j)  A  set  of  positive  integers  B  =  {01 , 02,  09,  «4>  such  that  «i  <  «2  <  «3  <  «4 
is  said  to  be  balanced  provided  that  a1  +  a4  =  a2+a3.  A  numerical  semigroup 
S  =  (01,02,09,04)  is  said  to  be  balanced  provided  that  {01,03,03,04}  “  ft 
balanced  L  Jd  =  gcd (o^)  and  E  =  gcd(a2,a3).  Note 
be  a  numerical  semigroup,  D  and  E  must  be  relatively  prune.  We  will  write 
o,  =  9iZ),02  =  q2E,a,  =  q3E,a4  =  q*D.  The  quantity  01  +  «4  -as  +^| 
called  the  common  sum  of  5  and  is  denoted  by  C5(5).  Tlie  quantfoy  de 
is  called  the  common  quotient  of  S  and  is  denoted  fry  CQ{  )•  1  c  say 
unitaq,  provided  CQ{S)  =  1.  It  was  observed  in  [9]  (1.7)  that  5  is  umtai^if 
and  only  if  O2  +  Q3  =  D  and  only  ^  91+04  —  E  if  and  on! ly  ifCi(  )  ■ 

Note  that  will  will  call  a  set  unitary  if  it  is  the  minimal  generating  set  of  a 

unitary  numerical  semigroup. 
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(k)  Let  5  be  a  numerical  semigroup  and  let  7  be  a  non-principal  relative 
ideal  of  5.  We  refer  to  the  pair  (5,  I)  as  a  k  x  rn  brick  provided  ps  (7)  -  k 
ns  (s  -  7)  =  m,  and  ps(I  +  (S-I))  =  ps  (7)  ps  (5  -  7)  =  km.  If  (5,  /)  is 
akxm  brick  and  7+  (5-  I)  =  5\{0},  then  we  say  (5, 7)  is  a  perfect  kxm 


Standing  Assumption  2.2.  If  (5,1)  is  a  2  x  2  brick,  then  we  may  assume 
I  =  (0,  n)  where  0  <  n  $  S. 

Proof.  See  (2.5)  in  [6]. 

Lemma  2.3.  If  (5,/)  is  a  2  x  2  brick,  then  the  minimal  generating  set  for 
I  +  (5  —  I)  is  balanced. 


1  nen  as  a.oove,  we  may 


uoo  Uilic 


Proof,  Suppose  (5,/)  is  a  2  x  2  brick. 

I  =  (0,n)  where  0  <  n  £  S  and  hence  5  -  7  =  (6,,fc)  where  b[,b2  G  5 
0  <  6,  <  62  and  -  61  i  S.  Thus,  /  -  (5  -  I)  =  (b^h  +  n,  b2,b2  +  n) 
where  either  hi  <  hi  +  n  <  b2  <  b2  +  n  or  b\  <  b2  <  b\  +  n  <  b2  - h  n.  In 
either  case,  t.he  minimal  generating  set  for  I  +  (S  -  I)  is  balanced. 


Standing  Assumption  2.4.  Suppose  that  ( 5,7 )  is  a  2  x  2  brick  with 
I  —  (0,  n)  and  /  4-  (5  -  I)  =  («i,  a2,  as,  a4).  From  the  proof  of  Lemma.  2.3, 
it  is  either  the  case  that  n  =  a2  -  ai  =  a4  -  a3  so  that  S  -  I  =  (oi,a3)  or 
n  —  as  -  a,i  =  a4  —  a2  so  that  S  —  I  =  (04,02)  •  For  the  remainder  of  this 
investigation,  we  will  assume  that  n  =  o2  -  at  =  a4  -  o3.  The  statements 
and  proofs  for  all  results  are  valid  in  the  case  n  =  o3  -  ai  =  o4  -  o2  by 
reversing  the  subscripts  2  and  3  as  appropriate. 


Definitions  and  Notation  2.5.  Let  ( S,I )  be  a  2  x  2  brick,  where  /  + 

1  J 7  (ai,a2’a3’a<1)’  f  =  (0,0  =  02  -  oi),  and  5  -  7  =  (ai,a3) .  Let 
fc  -  gcd(aua2,as,ai).  We  know  that  {ai/k,a2/k,a3/k,a4/k}  is  the  mini¬ 
mal  generating  set  of  a  numerical  semigroup  which  we  will  call  the  under¬ 
lying  semigroup  of  (5,7)  and  denote  by  5/.  In  the  event  that  k  =  1,  then 

Si  =  {01,02*  03*  a*)- 


Example  2.6.  Let  5  =  (14,21,27,36,45).  We  immediately  see  that 
e(h)  -  14.  and  it  is  easy  to  verify  that  g(S)  =  88.  Let  7  =  (0, 1)  = 
(0  +  s)u(1  +  s)  be  a  relative  ideal  of  5.  It  is  straightforward  to  determine 
that  S  -  7  =  (27, 35).  By  adding  each  of  the  generators  of  7  to  each  of 
the  generators  of  5  -  7,  we  find  that  {27, 28, 35, 36}  is  a  generating  set  for 
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/  _y  (S  -  I).  A  quick  check  reveals  that  this  generating  set  is  minimal.  That 
is,  /  +  (S  _  /)  =  (27,28,35,36).  Therefore,  (5,7)  is  a  2  x  2  brick.  Since 
ffcd(27, 28, 35, 36)  =  1,  5/  =  {27, 28, 35, 36).  We  note  that  5/  is  unitary  with 
D  -  9  aild  E  =  7.  From  (2.1)  in  [9),  we  conclude  that  (S],J)  is  a  perfect 
2x2  brick,  where  J  =  {0, 1). 


3.  An  Infinite  Family  of  2  x  2  Bricks 

In  [9],  the  authors  conjectured  that  for  any  2x2  brick,  (.S',  7),  the  generat¬ 
ing  set  for  I+(S-I)  must  be  unitary.  The  following  example  demonstrates 
that  this  is  not  the  case* 

Example  3.1.  Let  S  =  (15,20,25,28,42),  and  let  I  =  (0,2) .  It  is  easy  to 
verify  that  S  -  I  =  (28,40)  and  I  +  (5  -  7)  =  (28,30,40,42).  Therefore, 
(5,7)  is  a  2  x  2  brick,  but  {28,30,40,42}  is  not  unitary  since  its  common 
quotient  is  However,  we  notice  that  5/  =  (14,15,20,21),  which 

is  unitary  with  D  =  7  and  E  =  5. 

Although  the  minimal  generating  set  for  /+(£  —  /)  hi  the  above  example 
is  not  unitary,  we  notice  that  it  is  a  constant  multiple  of  a  unitary  set*  We 
believe  this  to  be  true  for  every  2x2  brick. 

In  [9],  the  authors  constructed  an  infinite  family  of  perfect  2x2  bricks 
that  was  subsequently  shown  in  [10]  to  be  the  entire  collection  of  perfect 
2x2  bricks*  Here,  we  take  a  step  toward  characterizing  all  2  x  2  bricks  in 
a  similar  manner* 

Theorem  3.2  below  is  the  main  result  of  this  investigation*  It  constructs 
an  infinite  family  of  2  x  2  bricks  that  includes  ail  of  the  perfect  2x2  bricks* 
We  believe  this  to  be  the  entire  collection  of  2x2  bricks.  However,  proving 
this  appears  to  be  a  significant  effort  in  its  own  right  and  will  therefore  be 
left  for  future  work* 


Theorem  3*2.  Let  S  =  (at  =  q\D,a2  =  =  03-^4  =  Q4 D)  be  a 

unitary  numerical  semigroup  with  D  =  gcd(ai,a4),  E  =  gcd{a2,az),  and 
n  =  q2E  -  q\D  =  q4D  -  q$E.  Let  qD  and  qE  be  positive  integers  such  that 
gcd  (qDD,qEE)  =  1,  and  let  TD  =  (su  s2, . . sm)  and  TE  =  {rur2,..  ■  >rk) 
be  numerical  semigroups  satisfying  the  conditions 

(1)  q\,q4  €  To,  hut  qE(q4  ~  qi)  £  To ,  and 

(2)  q2,qz  e  Te ,  but  qD(qz  ~  32}  £  Te* 
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Let  GD  =  {{goD)si,  (qDD)s2, ....  (qDD)sm}  and 

~  {{QbE)ti,  (qBE)r2, , . . ,  (qBE)i’i.}.  Let  T  be  the  numerical  semigroup 
generated  by  Gp  U  GB.  Then 


7  {(qoD)si,  (qpD)s2,  •  •  - ,  (tf£>-D)sm,  (qBE)n,  (qEE)r2, . . . ,  ( qEE)rk ); 

that  is,  the  minimal  generating  set  of  T  is  Go  U  GE.  Furthermore,  (T,  T) 
is  a  2  x  2  brick,  where  /  =  (0,  qDqEn)  and  T  -  I  =  (qDqEqiD,  qDqEq3E). 
That  is,  the  minimal  generating  set  of  1+  (T  —  I)  is  qpqB  times  the  minimal 
generating  set  of  the  unitary  numerical  semigroup  S  and  hence  Tj  =  S, 

Before  proving  Theorem  3.2,  we  lay  some  groundwork  and  illustrate  it  with 
an  example. 

Definition  3.3.  Let  Si  and  S2  be  numerical  semigroups  minimally  gener¬ 
ated  by  {rti, .  ,.,rv}  and  {nr+i, . . .  ,ne},  respectively.  Let  A  e  Si\{m, . . . , nr} 
and  fi  t  .S,2\{riI+i, . . . ,  ne }  such  that  gcd( A.  p)  =  1.  By  Lemma  9.8  in  [14], 

{fini jjnr ,  XnT+i .....  Ane } 

is  the  minimal  generating  set  of  a  numerical  semigroup,  S,  and  we  say  that 
S  is  a  gluing  of  Si  and  S2. 

N°tation  and  0bservations  3.4.  Based  on  the  form  of  the  generating  set 
for  T  in  Theorem  3.2,  we  note  that  if  x  6  T,  then  x  €  (qpD)Tp  +  (qBE)TB. 

Since  qi ,  €  To  and  E  =  qi  +  §4,  E  €  To  and  E  is  not  in  the  minimal 

generating  set  of  Tp,  It  follows  that  qBE  is  in  Tp  and  not  in  the  minimal 
generating  set  of  Tp.  Since  D  =  q2  + 1/3 ,  we  can  similarly  see  that  qoD  is  in 
Te  and  not  in  the  minimal  generating  set  of  TE.  Since  gcd(qDD,qBE)  =  1, 

T  =  {qDD)TD  +  {qBE)TE  is  a  gluing  of  To  and  TE  and 

T  =  {{qoD)s (qDD)s2< . .  - ,  ( qpD)sm ,  (qEE)ru  ( qBE)r2, . . . ,  {qBE)rk). 


Example  3.5.  As  we  saw  in  Example  2,6,  if  T  =  (14,21,27,36,45)  and 
1  =  (0,1),  then  (TJ)  is  a  2  x  2  brick  with  T}  =  (27,28,35,36).  This 
construction  is  of  the  type  described  by  Theorem  3.2.  That  is,  if  we  let 
’  (27,28,35,36),  then  S  is  a  unitary  numerical  semigroup  with  D  —  9. 
E  =  7,  qi  =  3,  q2  =  4,  q3  =  5,  q4  =  4,  and  n  =  1.  If  we  let  TD  =  (3,4,5),' 


7 


Te  =-  {2, 3),  and  qD  =  9e  =  1,  tlien  91,34  €  Tb  and  9e(94  -  9i) 

1  rf  Tp.  We  also  have  32,93  €  TE  and  1  =  3D (33  -  ®)  £  TE-  since 
T  =  (14, 21,27, 36,45)  =  {ZqoD,  iqDD,  5qDD,  2qEE,  3qEE)y  Theorem  3.2 
guarantees  that  (T,  J)  is  a  2  x  2  brick  with  T,  =  S. 


Example  3.6.  As  we  saw  in  Example  3.1,  if  T  -  <15,20,25, 28,42)  and 
I  =  (0,2),  then  (X,J)  is  a  2  x  2  brick  with  Tj  -  (14,15,20,21).  This 
construction  is  of  the  type  described  by  Theorem  3.2.  That  is,  if  we  let 
S'  =  fl4  15  20,21),  then  5  is  a  unitary  numerical  semigroup  with  U  -  (, 
E  =  5,  gi  =  2,  q3  =  3,  33  =  T  34  =  3,  and  n  =1-  If  we  let  TD  =  (2,3), 
Tr  —  /3  4  5)  QD  =  2.  and  q#  =  1,  then  31  ,#4  £  anc^  3-EW4 
lEii ,.  WeX  have  32,93  €  2*  and  2  =  9d<93  -  «)  *  Since 
T  =  (15,20,25,28,42)  =  (3qEE,4qEE,5qEE72qDD,iqDD),  Theorem  3.2 
guarantees  that  (TJ)  is  a  2  x  2  brick  with  T/  =  5. 


Remark  3.7.  It  is  well-known  that  Ap(S,m)  consists  precisely  of  the  min¬ 
imal  representatives  in  S'  of  the  congruence  classes  modulo  m.  If  P  and 
Q  are  relatively  prime  positive  integers  and  S  —  (P,Q),  it  o  ois.s  a 
Ap( S,  P)  =  {0,  Qy .  ■  ■ ,  (F  —  1)Q}-  Therefore,  if  q  G  N  such  that  q  <  F,  then 

qQ  i  P  +  S.  Similarly,  if  p  €  N  such  that  p<Q,  then  pP  $  Q  +  *5. 


Lemma  3.8.  Let  {m  =  q\D,a,n  =  q2E,a3  =  QaE,  <M  -  94T>}  be  a  uni  j 
set  with  D  =  flcd(fti,  04),  E  =  gcd{a2, 03),  n  =  q2E  -  q{D  -  q4D  q3E  ano 
m  -  q.jE  -qiD  =  <uD  -  q2E.  Let  qD  and  qE  be  positive  integers  such  that 

gcd (3dL>,QeE;)  =  1-  Then  neither  qoqE'n  nor  qDflEm  are  in  {qEE, 9eA). 


Proof.  Assume  qDqEn  =  cDqDD  +  cEqEE  for  some  cD,cE  £  N.  Since 
gcd(qDD,qEE)  =  1,  we  have 

cdQdD  +  cEqEE  =  qoqsn  =  qoqsiq^E  -  qiD) 

-44  (q£3i  +  cd)3d-D  —  (9D92  —  ce)qeE 

=4  (3D92  -  CE)  =  kqDD  for  some  fc  €  N. 

But,  0  <  3D32  -  cE  <  3D 92  <  3D (92  +  93)  =  9D-D  so  that  k  =  0  and 
9D92  =  c£.  However,  cD3d^  +  ce9E-B  =  qDqE{qiE -q,D)  then  implies  that 
CD9D-D  =  -9E9190-D  <  0,  which  is  impossible.  A  similar  argument  shows 
that  QnQEm  is  not  in  ( quE,qEE }. 


Proof  of  Theorem  3.2.  We  saw  above  that 

T  =  ((9d-0)si,  (9dI>)s2,  ■ .  • ,  [qDE)smi  (qeE)i'  1,  (gE-E)*  2,  •  •  ■ ,  (QE-b1)?  fc)* 
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andf+^r  i°nD-T: )- We  “eedtoshow  tllat 

rp  ^  ._  ■  \QDQEqiD,qDqEq2E7  qn Qe^sE,  qoqEqiD) .  Since  qi,q±  € 

D,  we  see  that  qoDqy,qDDqA  <=  T  and  hence  qDqEqiD,qDqBq4D  6  T, 
We  similwiy  je  that  tPMfiittfefcfi  €  T.  Hence,  gDg£S'  C  2\  By 
t  .  )  m  [9],  (5,  J)  is  a  perfect  2x2  brick,  where  J  =  (0,  n) .  That  is 
~  J,  "  faAfflS).  Since  giD,g3£  Z  $  -  J,  qiD  +  n,qzE  +  n  e  S. 
herefoie,  qDqEqYD  +  qDqEn,  qDqBqzE  +  qDqEn  g  qoqES  C  T  so  that 
qaqEqiO,  qDqEqzE  €  T-7.  By  Lemma  3.8,  qaqEimE  -  qiD)  £  (qDD,qBE) 
so  that  qDqE{qzE  -  qiD)  $  T.  Since  qDqBqzE  $  qDqEqiD  +  T, 

{qDQEqxD ,qDqBqsE}  is  the  minimal  generating  set  of  an  ideal  of  T  and 
(<lDqEqiD,qDqBq3E)  C  T  -  I. 

Let  x  €  T  -  I.  We  will  show  that  x  g  {qDqmi D  +  T)  U  (qDqEq^E  +  T), 
thereby  showing  that  T  —  1  C  (qDqEqiD,qDqBq3E).  Since  ,  g  T  and 
qD(iEn^  T'X  ~~  <IDDkD+qEEkE  and  x+qDqEn  =  qDDcD+qBEcE  where 
7n °  D  7  f;  6  Te-  But’  ^DkD+qEEkB+qoqBn  =  x+qDqBn  = 

iD-c,D  +  qEEcE.  If  kD  -  cD ,  then  qDqEn  =  gE£(cE  -  fcE),  which  contra- 
1CtS  Lenima  3  8 ■  Thus’  kD  ¥=  cD-  We  similarly  see  that  kE  #  cE  Now 
=  f//jZ?(Co  -  *»>  +  “  *fi).  Since  qDqEn  >  0,  we  cannot  have 

joth  kD  >  cd  and  >  cE.  By  Lemma  3.8,  we  also  cannot  have  both 
'D  ~  Cd  aild  kE  <  cE.  There  are  two  cases  to  consider. 


Case  1:  kB  <  cB  and  kE  >  cE 
Case  2:  kB  <  cB  and  kB  >  cB 

Suppose  k d  c d  and  kB  >  cE.  Now, 


qoOkD  +  qBEkB  +  qDqEn  =  qoDcj-j  +  qBEcB 
O  qBE(kB  -  cE)  +  qDqEn  =  qBD(cD  -  kD) 

**  qEE(f:E  ~  ce )  +  qDqE(q2E  -  qiD)  =  qDD{cD  -  kD) 
&  qBE(kB  ~cB  +  qDq2)  =  qDD(cD  -  kD  +  qBqi) 

=£■  (kE  ~  cB  +  qBq 2)  =  bqDD  for  some  b  g  N. 


Since  kE  >  cE,  kE  -  cE  +  qDq2  >  0  and  hence  b  >  1.  We  therefore  have 


<s=> 


(kE  -  cE  +  qnq2)  =  bqBD 
(kB  -  cE  +  qDq2)  =  bqD(q2  +  q3) 

(kE  -cE  +  qDq-MEE  =  bqDqEEq2  +  bqDqEEq3 

(kE  -  cE)qBE  =  (b  -  1  )qDqEEq2  +  bqDqEEqz 

(kE  ~  cE)qEE  =  qDqEEqz  +  (b  -  1  )qDqEEq2  +  (b  -  l)qnqEEqz. 


Now  (6  l)qDqEEq2  +  {b  -  l)qDqEEqz  g  T  since  qBEq2,  qBEqz  e  T.  Since 
QDEkD,  qBEcB  are  also  in  T,  we  have 
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(kE  ~  ce)qeE  €  qMEViE  +  T 
=>  qDDkD  +  (kE  ~  CE)qEE  +  qEEcE  e  qoUmE  +  1 

=>  qDDkD  +  qEEkB£<lD<lEqzE  +  T 

=>  x€  qoqsq sE  +  T  £  (^Egi-D  +  T)  U  (qDQEqsE  +  T). 

Analogously,  in  Case  2  we  see  that  z  €  qoqFJh  D  +  T  Q  {qoqEqiD  +  T)  U 
(qDqEq3E  +  T).  We  have  shown  that  T  -  I  =  (qoqEqiD,  qoqEqs  )  ■ 

Since  /  =  (0,  qoQFJ 0  ? 

{qoqEQlD,  qDqEq i  V  +  ©M".  9d9E®^ ,< 

= 

j  -  rtt,of  f.T  r  j_  -  H  To  complete  the  proof,  we  need  to  show 
tot TiTgeSatlngset  I  minimal.  Since  «*wii>  is  the  smallest  element 
‘us  dearly  part  of  to  minimal  gating  to  As  .  commence  of  Lemto 

3.8,  neither  nor  +  ?  Si  nee'  J<  D 

fore  qnOEqiE  4  QDQEq \D  +  T  aild  QDQEqsE  4  qoQEqiD  +T.  bine s  qs  -  • 

a2<q%  and  we  know  from  Remark  3.7  that  every  represents  of 
qDqEq-iE  in  T  is  a  linear  combination  of  the  generators  in  Ge-  ,  °we^  ’ 
this  means  that  qDQEqsE  4  ffD9E®^  +  r  since  '.qoiqs-qi)  4  B  V JP^ 
esis.  Thus,  qDqEqiE  and  9DM®  ^  must  both  be  in  t  e  ® 

set  for  T-I.  Finally,  we  similarly  know  from  Remark  3./  that  e\e  y  P 
sentation  of  9*,^  in  T  is  a  linear  combination  of  the  generators ,  m  Go 

so  that  gomD  4  qoqEqiE  +  T  and  t  T  ^  ^ 

also  means  that  qmm^  4  MM9i D  +T  smee  qE(q 4 -«l)  4J D-  ^erefor  , 

j  ^  (j1  —  / )  ;  (qDqEq\D,qDqEq2E,qDqEq3E,qDqEq4E) 

brick.  By  definition,  T/  =  S. 

Example  3.9.  Let  S  .  (44.45,54.55).  Then  S  is  a  unitary  numerical 

semigroup  with  D  =  11.  E  =  9,  «  =  4  ®  J  5.  ®  =  *  «*  ?  J’ 

,1  =  1.  Let  TD  =  (4.5),  Te  «  (5, 6, 7,8, 9),  and  (ID  =  4E  -  L 
that  o.  ®  6  JV  and  1  -  «d(« is  also  clear  tot  o  ,  •  « Ifc 
q  /  n  \  —  l  dTn  Theorem  3.2  therefore  guarantees  that  {T> I )  1- 

“  x^t  W  T  =  toA ^D,59e£, HeB^EMsE,  9, E*>  = 

(44, 45, 54, 55, 63, 72, 81)  and  I  =  (0, 1)  • 

The  following  example  shows  that  it  is  possible  for  the  same  T  to  pr 
duce  2x2  bricks  for  two  different  unitary  numerical  semigroups. 

Example  3.10.  Let  S  =  (161, 180,240,259).  Then  S  is  a  unitary  numeric^ 
semigroup  with  D  =  7,  £  =  60,  «  -  23,  «  =  3,  «  =  4,  «  =  37,  arrd 
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14  f,.  Td‘  ^mce  51  -  23  —  1  *  3  +  2  ■  10  e  To  and  q4  =  37  =  9  •  3  + 
V_°/oe  ^Theorem  3.2  guarantees  that  (T,  I)  is  a  2  x  2  brick,  where 
T  -  {ZqDD^lOqDD.ZqEEAqEE)  =  <21,70,180,240)  and  /=  (0,19).  That 

Now,  let  U  =  (180,203,217,240).  Here,  U  is  a  unitary  numerical  semi- 
group  wdh  I)  =  60,  E  =  7,  9l  =  3,  =  29,  g3  =  31,  =  4,  and  n  =  23.  Let- 

lnf  °  Te  -  (3, 10),  and  qD  =  qE  =  1.  it,  is  dear  that  qi,q4  e  TD 

an_10:_^^  “  gi^  ro-  rt  5s  also  ciear  that  ?d(?3  -  92)  =  2  £  T£.  Since 
qi  -  29  -  3-3+2T0  e  r£  and  <?3  =  31  =  7-3+MO  6  TE>  Theorem  3.2  guar- 

S 1  7n  i san  od]  ? X 2/bridt’  Where  T  =  <3^  A 4qoD, 3qEE,  10^1?)  = 
{21,  70, 180,  240)  and  J  =  (0,  23)  .  That  Is,  Tj  =  U. 

llie  following  result  is  a  rephrasing  of  part  of  Proposition  10  in  [4], 

Theorem  3.11.  Let  TD  =  <*i,  s2, . . . ,  sm>  and  TE  =  (r,,  r2, . . .  ,r*)  be 
numerical  semigroups.  Let  P  and  Q  be  relatively  prime  positive  integers  such 
that  t  e  fE  and  Q  e  TD.  Then  the  numerical  semigroup  T  =  PTp  +  QTF 
satisfies  the  following  properties: 


(1)  The  conductor  of  T  is  e,P+  c2Q  +  (P  -  1  )(Q  -  l),  where  c,  and  c2 
are  the  conductors  of  To  and  TE ,  respectively,  and 

(2)  T  is  symmetric  if  and  only  if  TD  and  TB  are  symmetric. 


Corollary  3.12.  Let  T  be  a  numerical  semigroup  as  defined  in  Theorem 

'  !en.,ff  —  9{r^D)qD^>  +  g{TE)qEE  +  qpDqEE  and  T  is  symmetric  if 
and  only  if  both  To  and  TE  are  symmetric. 

Proof.  Letting  P  =  qDD  and  Q  =  qEE,  we  see  that  the  hypotheses  of 

Theorem  3.11  are  satisfied.  Thus, 


g(J  )  +  1  -  (g{TD)  +  1  )qDD  +  (g(TE)  +  1  )qBE  +  (qDD  -  1  ){qEE  -  1) 

—  9(Td)qdP>  +  g{TE)qEE  +  qpDqEE  +  1 

and  the  result  follows. 

We  note  that  the  formula  in  Corollary  3.12  agrees  with  the  one  in  flOj 
when  T  is  unitary,  that  is,  when  T=  S.  In  this  case,  we  have  qD  =  qE  L  i. 


X/>  -  {q\,q4)i  and  Xg  —  (42.33)1  so  that  <j(Td)  —  q\Qi  qi  Qi  and  g{TE) 
f/293  —  (J2  —  <73-  By  Lemma  2.4  in  [10],  we  have 

<j(X)  =  (V/3  —  l)a2  +  (<?i  —  l)a4  +  n 

=  (?3  -  1)^2^  +  (li  1)^40  -f  {q^E  -  q\D) 

=  q-zq^E  +  {qiq4  -  qi  -  q4)D 

=  (q4q4  -qi-q4)D  +  (<fc>93  -  ®  -  to)#  +  (®  +  ®)-E 

=  <j(Tp).D  +  g(Ts)E  +  DE 

=  g(TD)qDE  +  g(TE)qEE  +  qoEqEE. 

Observations  3.13.  Consider  the  case  when  t.he  minimal  generating  set  of 
T  contains  exactly  four  elements.  By  Corollary  3.12,  2  is  symmetric.  To  see 
this,  we  observe  that  since  41,44  £  Ed  and  q4  -  qi  $.  To,  the  minimal  gener¬ 
ating  set  for  To  must  contain  at  least  two  elements.  The  minimal  generating 
set  for  Te  must  similarly  contain  at  least  two  elements.  Since  the  minimal 
generating  set  for  T  has  exactly  four  elements,  the  minimal  generating  sets 
for  Td  and  TE  must  have  precisely  two  elements  each.  It  is  well  known  that 
numerical  semigroups  witli  exactly  two  elements  are  symmetric.  Therefore, 
Td  and  Te  are  symmetric  and  hence  T  is  symmetric.  Moreover,  T  is  a 
complete  intersection  since  it  is  the  gluing  of  two  numerical  semigroups  of 
embedding  dimension  two  (see  Chapter  8  in  [14]). 


We  note  that  since  TD  and  TE  are  semigroups  with  fewer  and  smaller 
generators  than  X.  it  is  much  faster  and  easier  to  verify  that  they  are  sym¬ 
metric  than  attempting  to  verify  that  X  is  symmetric  directly.  We  demon¬ 
strate  the  connection  between  Theorem  3.2,  Corollary  3.12,  and  torsion  in 
tensor  products  with  some  examples. 


Example  3.14.  Let  S  =  (36,44,55,63).  Then  5  is  a  unitary  numerical 
semigroup  with  D  =  9,  E  =  11,  41  =  4,  q2  =  4,  53  =  5,  Qi  =  7,  and  n  =  8. 

Let  Td  =  (4,6,7),  TE  =  (4,5,6),  and  qo  =  4E  =  1-  It  is  clear  that 

qo,qs  G  Te  and  1  =  qd(q 3  -  <ti)  &  Te-  It  is  a*so  clear  tliat  X 1 54  e  ^ D 
and  qE(q4  ~  fli)  =  3  £  TD.  By  Theorem  3.2,  (X,2)  is  a  2  x  2  brick,  where 

T  =  (36,44,54,55,63,66),  2  =  (0,8) ,  and  X  -  /  =  (36,  55) . 

If  k  is  a  field,  we  have  the  monomial  domain  R  -  &[[t36,  t  ,  i  ,  t  ,t  ]] 
-.irUh  mftnnmial  fractional  ideals  J  =  ( 1 .  Is )  and  J  1  =  (t36,t0')-  If  we  h’t  R 


be  the  quotient  field  of  R  and  v  :  K*  — t  Z  be  the  standard  valuation  map¬ 
ping,  then  we  see  that  X  =  1 '{R).  For  J  ®r  J~l  to  be  torsion  free,  we  must 

have  pfl(J)  +  fiRiJ'1)  Wit-A/"1)  aa(i  hence  MrW))  +  w(r  "  J))  = 

pT(t/( JJ'1)).  This  holds  since  (X,  I)  is  a  2  x  2  brick. 
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However,  it  is  easy  to  verify  that  TD  and  TB  are  both  symmetric.  By 
Corollary  3.12,  T  is  also  symmetric.  We  therefore  know'  that  J  ®p  ,}~l  has 
non-zero  torsion. 


Now,  let  To  =  (4,7,10)  and  TE  =  (4,5,11).  It  is  cleat  that  «,«,  <= 
Is  and  1  -  qD{q:i  -  q2)  <£  te.  It  is  also  clear  that  qi,q4  e  TD  and 

Jf”4,  “  J)  T  ®  *  Td'  By  Theorem  3.2,  (T,/)  is  a  2  x  2  brick,  where 
eT  {36,44,55, 63,90, 121),  I  =  (0, 8) ,  and  T  —  I  =  (36,55) . 

,  *  =  fi^36,i44’f°>f'5>f<J0,tl21]]  witIi  monomial  fractional  ideals  J  = 

(l,  t  )  and  ./  =  (t  ,t  )  Since  (T, /)  is  a  2  x  2  brick,  we  know  that 

Mf.,  j"  •  7  )  =  11  is  ea5y  to  venfy  that  Tp  is  symmetric, 

wide  TB  is  not.  By  Corollary  3.12,  we  know  that  T  is  not  symmetric, 
therefore,  we  cannot  rule  out  the  possibility  that  J  ®R  J~ i  is  torsion  free. 
1  Ins  will  have  to  be  determined  tlirough  other  established  methods. 


Open  Questions , 


(1)  Does  the  converse  of  Theorem  3.2  hold?  That  is,  if  (T,  I)  is  a  2  x  2  brick 
such  that  the  minimal  generating  set  of  /  +  (T  -  /)  is  a  constant  multiple 
or  a  unitary  set?  must  it  be  of  the  form  described? 

(2)  If  (T,  I)  is  a  2  x  2  brick,  is  the  minimal  generating  set  of  /  +  (T  -  I) 
always  a  constant  multiple  of  a  unitary  set? 

(3)  We  have  recently  shown  that  there  are  perfect  bricks  of  every  dimension, 
at  is,  for  any  k,  m  €  Z  such  that  k,  m  >  2,  there  is  a  perfect  k  x  m  brick. 

Can  we  construct  families  of  kxm  bricks  using  ideas  analogous  to  those 
used  in  Theorem  3.2? 
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